The frequency shift and broadening of long-wavelength optical phonons are calculated for varying Fermi level in a bilayer graphene. Symmetric modes with displacements of two layers in phase are affected strongly. In the absence of a magnetic field, the broadening disappears and the frequency shift exhibits a logarithmic singularity when the Fermi energy is a half of the phonon energy, and the shift increases in proportion to the Fermi energy for sufficiently high electron density. In magnetic fields, the broadening is resonantly enhanced and the frequency shift exhibits a rapid change when the phonon energy becomes the energy separation of Landau levels between which optical transitions are allowed.
§1. Introduction
In a monolayer graphene, the phonon spectrum can be modified directly by the change in the electron or hole concentration controlled by a gate voltage. In previous works, 1, 2) this electron-concentration dependence of the frequency and the broadening of optical phonons and effects of magnetic fields were theoretically investigated. The characteristic change in the optical phonons predicted theoretically 1, 3) was observed in recent Ramanscattering experiments. 4, 5) In this paper we shall study optical phonons in bilayer graphenes.
In an effective-mass approximation, an electron in a graphite monolayer is described by Weyl's equation for a massless neutrino. 6−11) Transport properties in such an exotic system are intriguing and the conductivity with/without a magnetic field including the Hall effect, 12, 13) the dynamical transport, 14) and quantum corrections to the conductivity 15) were investigated theoretically. The system exhibits various characteristic behaviors different from conventional two-dimensional systems. 16) Quite recently, this monolayer graphene was fabricated, 17) and the magnetotransport was measured including the integer quantum Hall effect, demonstrating the validity of the neutrino description of the electronic states. 18−20) Since then, the graphene became the subject of extensive theoretical 21−32) and experimental study.
33−37)
Bilayer graphenes consisting of two layers were also fabricated and various phenomena started to be investigated. 18,38−40) In bilayer systems, the interlayer coupling makes a complex structure around the band touching point. The electronic properties were theoretically studied for the band structure with or without a magnetic field, 41−46) the transport 47−50) and dynamical properties, 51) and diamagnetic susceptibility.
52)
For graphene and carbon nanotubes, a continuum model suitable for a correct description of longwavelength acoustic phonons was constructed, 53) and a similar continuum model was developed for optical phonons and the Hamiltonian for electron-phonon interactions was also derived. 54) We shall use this continuum model to calculate the self-energy of phonon Green's function in bilayer graphene. The real part of the self-energy gives an energy shift and the imaginary part provides a lifetime.
The paper is organized as follows: In §2, the effective-mass description of electronic states and a continuum model of optical phonons are reviewed very briefly. The phonon Green's function is calculated and shifts and broadening of phonon modes are discussed in §3. Effects of magnetic fields are discussed in §4. Results are discussed and a short summary is given in §5. §2. Formulation
Effective-mass description
We consider a bilayer graphene which is arranged in the AB (Bernal) stacking as shown in Fig. 1(a) . The upper layer is denoted as 1 and the lower layer denoted as 2. In each layer, the unit cell contains two carbon atoms denoted by A 1 and B 1 in layer 1 and A 2 and B 2 in layer 2. In a monolayer graphene the conduction and valence bands consisting of π orbitals cross at K and K' points of the Brillouin zone, where the Fermi level is located. 55, 56) Electronic states near a K point are described by the k·p equation equivalent to Weyl's equation or a Dirac equation with vanishing rest mass. 6−11) For the interlayer coupling, we include only the coupling between vertically neighboring atoms. Then, electronic states are described by the k·p equation:
with
where γ is a band parameter,k = (k x ,k y ) = −i∇ is a wave-vector operator, and Δ represents the inter-layer coupling between sites B 1 and A 2 . The parameters γ and Δ are related to tight-binding parameters γ 0 and γ 1 through γ = ( √ 3/2)aγ 0 and Δ = γ 1 , where a is the lattice constant given by a = 2.46Å, γ 0 ≈ 3.16 eV, 57) and γ 1 ≈ 0.39 eV.
58) The coupling γ 3 between vertically neighboring atoms A 1 ↔ B 2 as shown in Fig. 1(a) , estimated as ∼0.315 eV, 59 ) is known to cause trigonal warping and four band touching points at zero energy in the energy scale of a few meV.
41,47) Such a structure, much smaller than the phonon energy of about 0.2 eV, can easily be washed out in actual bilayer graphenes with disorder 47) and will be neglected in the following. The parameter γ 4 giving coupling A 1 ↔ A 2 and B 1 ↔ B 2 is of the same order of magnitude as γ 3 . However, this does not change the qualitative feature of the low-energy spectrum and is not important.
60,61)
The states are specified by the set of quantum numbers (s, j) and k, with k the wave vector, s = +1 and −1 for the conduction and valence bands, respectively, and integer j = 1 and 2 specifying two bands within the conduction or valence bands. The wave function is written as
where L 2 is the area of the system, k = |k|, (2.5)
Let us define
Then, the eigenenergies are given by 8) and the corresponding eigenvectors are given by
(2.9)
For the K' point, the Hamiltonian is obtained by the replacementsk + →k − andk − →k + . Therefore, the wave functions are obtained by changing θ(k) into −θ(k) and the energy eigenvalues are the same. Figure 2 shows these energy bands. The density of states for ε > 0 is given by 11) where the spin and valley degeneracies are given by g s = 2 and g v = 2, respectively, and θ(t) is the step function defined by
The density of states is obviously symmetric around ε = 0. The electron concentration for the Fermi energy ε F is calculated as Figure 3 shows the density of states and the electron concentration.
In the vicinity of ε = 0, the Hamiltonian is reduced to the (2,2) form for the basis set (A 1 , B 2 ), 41, 47) H ≈h 
2 . The corresponding Landau levels become
The Landau level n = 0 is doubly degenerate.
Long Wavelength Optical Phonon
The long-wavelength optical phonons in graphene were discussed previously based on a valence-force-field model, 53, 54) and in the following we shall limit ourselves to the long-wavelength limit. In the bilayer graphene, there are two modes, symmetric and antisymmetric with displacement of two layers oscillating in phase and out of phase, respectively.
They are represented by the relative displacement of two sub-lattice atoms A and B, given in layer 1 by (2.18) where N is the number of unit cells in each layer, M is the mass of a carbon atom, ω 0 is the phonon frequency at the Γ point, q = (q x , q y ) is the wave vector, μ denotes the modes (t for transverse and l for longitudinal), and b † qμ and b qμ are the creation and destruction operators, respectively. The displacement in layer 2 is exactly the same as u for the symmetric mode and given by −u for the antisymmetric mode. Define
with q = |q|. Then, we have
The corresponding phonon Hamiltonian is written as
for both symmetric and antisymmetric modes, where we have neglected a possible difference between the symmetric and antisymmetric modes and assumed the phonon frequency ω 0 of a monolayer graphene. The interaction between optical phonons (symmetric '+' and antisymmetric '−') and an electron at the K point is given by 54 )
where the vector product for a = (a x , a y ) and
is the equilibrium bond length. The dimensionless parameter β is given by
Explicitly, we have
25) where
For the K' point, the corresponding interaction Hamiltonian is obtained by replacing σ by σ * and therefore V
Phonon Green's Function
The phonon Green's function is written as
. (2.27) In the following, we shall consider retarded Green's function obtained by an analytic continuation of a thermal Green's function from upper complex plane. The phonon frequency is determined by the pole of D μ (q, ω) as
As will become clear in the following, the phonon selfenergy is small. In this case, the shift of the phonon frequency, Δω μ , is given by
and the broadening is given by
In the following we shall consider the phonons at the Γ point, i.e., |q| → 0 and the lowest order selfenergy given by the diagram shown in Fig. 1 (b) . The matrix elements squared are independent of mode μ = t (transverse) or l (longitudinal) and K or K' points after the average over the direction of k and given by
where · · · represents the angle average. Therefore, the degeneracy of the transverse and longitudinal modes is not lifted by electron-phonon interactions and this situation is the same as in the monolayer graphene.
1)
For both transverse and longitudinal modes, the self-energy is given by
where the subscript μ has been omitted and f (ε) is the Fermi distribution function given by f (ε)= [e (ε−ζ)/kB T + 1] −1 , with ζ being the chemical potential. Define the dimensionless coupling parameter
Then, we have
For sufficiently large k satisfying γk Δ/2, we have
If we use the above approximate expressions also for small k, neglect ω in the denominator corresponding to the adiabatic approximation, and consider the case of vanishing Fermi energy at zero temperature, we have
where we have introduced the cutoff energy ε c corresponding to a half of the π-band width. This represents the π band contribution to the self-energy shift in a graphene sheet and should be subtracted because we have started with the known frequency ω 0 in the graphene. Therefore, the final expression of the selfenergy becomes
where we have introduced phenomenological broadening δ due to unavoidable disorder. The self-energy is symmetric between the cases of the positive and negative Fermi energies. Figure 4 shows the calculated frequency shift and broadening of the symmetric mode as a function of the Fermi energy ε F for the parameter Δ/hω 0 = 2. The shift exhibits a logarithmic singularity at ε F /hω 0 = 1/2. This is analogous to the case of the monolayer graphene.
The shift increases almost linearly in the range 1/2 < ε F /hω 0 < 2. Above ε F = Δ, corresponding to ε F /hω 0 = 2 for Δ/hω 0 = 2, the second conduction band is populated by electrons and the dependence on ε F becomes steeper. Figure 5 shows the spectral function given by (−1/π) ImD(q, ω) for the symmetric mode. The large change in the broadening at ε F /hω 0 = 1/2 shown in Fig. 4 and the structure in the position manifest themselves clearly in the spectral function. The interlayer coupling Δ is likely to change as a function of the gate voltage controlling the electron concentration.
42) The position of the kink in the frequency shift ε F = Δ is sensitive to Δ, but the overall feature of the shift and broadening as a function of ε F is not so sensitive to Δ/hω 0 as long as Δ/hω 0 does not deviate from 2 so much. Figure 6 shows the shift and broadening for the antisymmetric mode. For ε F = 0, the contribution of interband transitions between the bands with j = 1 is suppressed because Φ (−) 11 (k) = 0 as given in eq. (3.1), and therefore, the frequency is enhanced from ω 0 of the mono-layer graphene. With the increase of ε F interband transitions between (s, j) = (+, 1) and (+, 2) contribute to the self-energy and the frequency gradually decreases. The increase of such contributions becomes reduced once the band (+, 2) starts to be populated for ε F > Δ. Similarly, the broadening is absent due to the suppression of interband transitions with j = 1. Figure 7 shows the spectral function for the antisymmetric mode.
§4. Magnetic Oscillation
In a magnetic field B perpendicular to the system, we shall choose the eigenstates in each layer in the case of vanishing Δ. We have
3)
where X is a center coordinate of the cyclotron motion, n = 0, ±1, ±2, . . ., l = ch/eB, and H n (t) is the Hermite polynomial.
States in layers 1 and 2 are specified by (n 1 , X) and (n 2 , X), respectively. The matrix elements of the terms proportional to Δ are calculated as
where X has been omitted for simplicity. The eigen states of the bilayer Hamiltonian can be specified by the Landau-level index m = |n 2 |. In fact, the level m = 0 has no matrix elements with other states and its energy is ε 0 = 0. The levels m = 1 (n 2 = ±1) couple only with n 1 = 0. For m > 1, the levels m (n 2 = ±m) couple with n 1 = ±(m−1). Therefore, the states are specified by an additional quantum number p for each m. The matrix elements for the electron-phonon interaction are given by
8) for layer 1 and similar results can be written down for layer 2. This shows that the matrix elements become nonzero between states with m and m±1. Further, the squared absolute value of the matrix element becomes independent of ϕ(q) and modes μ = t or l. For the K' points, the same energy levels are obtained except that m = |n 1 | instead of |n 2 |, i.e., the level structure is equivalent if the layers are exchanged. As a result, the contribution to the self-energy becomes the same between the K and K' points.
Let |α) and |α ) be the eigen states of the Hamiltonian in a magnetic field. Then, the self-energy becomes
In the above equation, we have introduced a phenomenological broadening δ and subtracted the contribution of a monolayer graphene Π 0 = −λε c where n c is the cutoff Landau-level index in the summation over α and α and is related to the cutoff energy ε c through ε c ≈ √ n ch ω B . The self-energy is symmetric between the cases of the positive and negative Fermi energies. Figure 10 shows the corresponding spectral function, i.e., the imaginary part of the phonon Green's function for ε 0 F /hω 0 = 0.25, 0.5, and 1, respectively. At a strong resonance, the spectral function is broadened considerably and the phonon peak practically disappears. All these results seem to indicate that the features are quite similar to those in the monolayer graphene except that the details of the Landau-level spectrum are different.
Corresponding to the fact that transitions within the bands with same j are forbidden in the absence of a magnetic field as discussed in the previous section, no inter-Landau-level resonance appears for antisymmetric modes as long as interband mixing due to magnetic field remains weak. This fact is demonstrated in Fig. 11 which shows that a weak magneto-phonon resonance appears only in the highest fieldhω c ∼hω 0 . The corresponding spectral function is shown in Fig. 12 
§5. Discussion and Conclusion
So far, we have completely neglected γ 3 terms giving rise to a trigonal warping of the bands. 41, 47) The trigonal warping becomes important in the extreme vicinity of ε = 0, where the equi-energy line splits into four pockets with dispersions linear in k. However, this occurs only in the very narrow energy range of ∼1 meV corresponding to the electron concentration ∼ 3 × 10 10 cm −2 . As the typical electron concentration in the present system is 10 12 cm −2 or larger, 38) it is extremely hard to realize the situation where four equi-energy lines are well split from each other.
For Δ ≈ 0.39 eV, we have m * /m 0 = 0.034 where m 0 is the free-electron mass. For the parameter γ 0 = 3.16 eV andhω 0 = 196 meV corresponding to 1583 cm −1 , the electron concentration corresponding to the condition ε 0 F =hω 0 /2 becomes 3.5×10
12 cm −2 . This concentration is much higher than in the monolayer graphene and lies within the region accessible experimentally. Further, we have B 0 ≈ 59 T corresponding tohω c =hω 0 . This magnetic field can be too strong for Raman experiments, but resonances at weaker fields appearing for low electron concentrations are likely to be observed.
Because the Landau-level spectrum in the bilayer system is close to that in conventional two-dimensional systems, the broadening of Landau levels Γ is estimated using the known formula in two dimension. 62, 63) We have Γ/hω c = (2/π)(1/ω c τ ), where τ is the relaxation time. In terms of the mobility μ in units of cm 2 V −1 s −1 and the magnetic field B in units of T, we have ω c τ = 10 −4 μB. For the mobility of μ ∼ 10 4 cm 2 V −1 s −1 , the resonance behavior is likely to be observed. Note that the actual broadening of the Landau level is larger than that estimated by the mobility if scatterers are of long range. 24, 25) In this paper, the energy shift and broadening of optical phonons have been calculated in a bilayer graphene in the absence and presence of a magnetic field. Symmetric modes with displacements of two layers in phase are affected strongly. In the absence of a magnetic field, the broadening disappears and the frequency shift exhibits a logarithmic singularity when the Fermi energy is a half of the phonon energy, and the shift increases in proportion to the Fermi energy for sufficiently high electron density. In magnetic fields, the broadening is resonantly enhanced and the frequency shift exhibits a rapid change when the phonon energy becomes the energy separation of Landau levels between which optical transitions are allowed. 
